Higher Spin Gravity with Matter in AdS^ 
and Its CFT Dual 



Chi-Ming Chang"^ and Xi Yin'' 



Jefferson Physical Laboratory, Harvard University, 
Cambridge, MA 02138 USA 

^cmchangQphysics . harvard . edu, ''xiyinOf as . harvard . edu 



Abstract 

We study Vasiliev's system of higher spin gauge fields coupled to massive 
scalars in AdS^^ and compute the tree level two and three point functions. These 
are compared to the large N limit of the Wn minimal model, and nontrivial 
agreements are found. We propose a modified version of the conjecture of Gab- 
erdiel and Gopakumar, under which the bulk theory is perturbatively dual to a 
subsector of the CFT that closes on the sphere. 
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1 Introduction 



The AdS/CFT correspondence [Tj has given us a tremendous amount of insight in 
quantum gravity through its duahty with large gauge theories. Progress does not 
come easily, however. The regime in which the bulk theory reduces to semi-classical 
gravity is typically dual to a gauge theory in the strong 't Hooft coupling regime, and is 
difficult to solve. In the opposite limit, where the gauge theory is weakly coupled, the 
bulk theory is typically in a very stringy regime, involving strings in AdS whose radius 
is very small in string units (though large in Planck units, as long as A^ is large). With 
a few exceptions, such as the purely NS-NS background of AdS^ |2j , in which case the 
dual CFT is singular [3l H] , generally the bulk string theory involves Ramond-Ramond 
fluxes; even the free string spectrum is difficult to solve, and the full string field theory 
appears to be out of reach at the moment. 

A particularly simple class of conjectured AdS/CFT dualities |5l[6l[TT] avoids these 
difficulties. These involve boundary CFTs whose numbers of degrees of freedom scales 
like A^ rather than A^^. In the AdS^/CFT^ conjecture of [5], the boundary theory is 
given by the critical 0{N) vector model. Such a duality can be extended to Chern- 
Simons- matter theories with vector matter representations [7]. In the AdS^/CFT2 
conjecture of [TT], the boundary theory is the minimal model, which can be realized 
as the coset model 

SU{N)u ® SU{N\ 

SU{N)k+i ■ ^ ' ' 

In these examples, the CFT is either exactly solvable or has a simple 1/A^ expansion 
that can be computed straightforwardly order by order. The dual bulk theories, how- 
ever, are higher spin extensions of gravity, involving an infinite towei0 of higher spin 
gauge fields. In the case of [H], additional massive scalar matter fields are coupled 
to the higher spin gauge fields. It is likely that these higher spin gauge theories are 

^While a pure higher spin gauge theory in AdSs involving spins up to N can be formulated in terms 
of SL{N,M.) X SL{N,M.) Chcrn-Simons theory, it is not known how to couple this theory to scalar 
matter fields. The construction of ^ requires an infinite set of gauge fields of spins s = 2, 3, • • • , oo. 
This is the system conjectured to be dual to the Wn minimal model in [11]. While the dynamical 
mechanism that renders the set of spins finite in the interacting theory has not yet been understood, 
this seeming mismatch is not visible at any given order in perturbation theory. 



2 



UV complete (at least perturbatively) theories that contain gravity, due to the large 
number of gauge symmetries, and are interesting toy models for quantum gravity. How- 
ever, they do not reduce to semi-classical gravity in any limit. Note that the higher 
spin symmetry can be broken by AdS boundary conditions [5l|3T], but this breaking is 
controlled by the coupling constant of the theory and is in some sense rather mild. 

The goal of the current paper is to understand the conjectured duality of [H] at 
the interacting level, in particular, to the second order in perturbation theory. In 
fact, a careful examination of the spectrum of the linearized Vasiliev system leads us 
to propose a modification of the conjecture of [11]. A key insight of [TT] is that, in 
the large limit of the coset model (11. ip . A = N/{N + k) plays the role of the 't 
Hooft coupling, and the basic primaries labelled by representations (□; 0) and (0; □) 
(as well as the conjugate representations) have finite scaling dimensions A_|_ and A_ 
in the 't Hooft limit, and are conjectured to be dual to massive scalars in the bulk. 
We will consider a version of Vasiliev's system that involve a gauge field of spin s for 
s = 2, 3, ■ ■ ■ ,oo, coupled to two real massive scalar fields. We propose that it is dual to 
a subsector of the minimal model, generated by the currents together with two 
basic primary operators of dimension A_|_, labelled by (□; 0) and (□;0), or two basic 
primaries of dimension A_ labelled by (0; □) and (0; □), depending on the boundary 
condition imposed on the bulk scalar. We will refer to these two subsectors as the 
A+ subsector and the A_ subsector, respectively. Each subsector has closed OPEs, 
and hence consistent n-point functions on the sphere, in the sense that they only 
factorize through operators within in the same subsector. This identification is natural 
by comparing the bulk fields and boundary operators, and also avoids the puzzle with 
"light states" in the 't Hooft limit of the coset modelE However, it suggests that the 
bulk Vasiliev system is non-perturbatively incomplete, though makes sense to all order 
in perturbation theory. It may be possible to enlarge Vasiliev's system to obtain a 
higher spin-matter theory that is dual to the full Wn minimal model, but such a bulk 
theory would be subject to the strange feature of having a large number of light states. 
We will not address this possibility in the current paper. There is, on the other hand, 
a minimal truncation of Vasiliev system, where one keeps only the even spin fields and 
one out of the two real massive scalars. We conjecture that this system is dual to the 
orthogonal group version of the Wn minimal modelj^l 

The main nontrivial check of our proposal is a comparison of the tree level three- 
point functions involving two scalars and one higher spin field in the bulk, and the 

^The "light states" are the primaries labeUed by a pair of identical representations, {R;R), whose 
dimension scales like in the large N limit. While the contribution of such states to the partition 
function is argued in |Tl] to decouple in the strict infinite N limit, they show up in OPEs of basic 
primaries when corrections are taken into account. 

■^The 't Hooft limit of this class of CFTs are recently studied in [12] . 
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't Hooft limit of the corresponding three point function in the dual CFT. In order to 
carry out such a computation, we first solve for the boundary to bulk propagators of 
Vasiliev's master fields, and then expand the nonlinear equations of motion to second 
order in perturbation theory and compute the three point function. We encounter 
subtleties with gauge ambiguity and boundary condition on the higher spin fields, 
and will find explicit formulae for the gauge field propagators obeying the boundary 
condition of [H]. While one may expect that, in principle, such three point functions 
are determined by symmetries and Ward identities, the implementation of the latter 
is not so trivial on the CFT side. For instance, we do not know a simple way to carry 
out the expansion of the coset model, and must calculate correlators exactly at 
finite N first, and then take the 't Hooft limit. For various quantities of interest in the 
CFT, analytic formulae for general spins are often difficult to obtain, and instead one 
computes case by case for the first few spins. The results have a nontrivial dependence 
on the 't Hooft coupling A, which is mapped to a deformation parameter u in the 
bulk theory. The case in which the bulk theory is the simplest, namely the u = 
"undeformed" theory, is mapped to A = 1/2. In this paper, most of our computation 
is performed within the u = theory, and is compared to the A = 1/2 case of the 
Wn minimal model. In Appendix C we give some formulae useful for the deformed 
bulk theory with nonzero z/, though the analogous computation of correlators in the 
deformed theory is left to future work. 

More precisely, we compute correlators of the form {OOJ^'^^) at tree level in the 
z/ = undeformed bulk theory. These three-point functions are fixed by conformal 
symmetry up to the overall coefficient; the latter is computed unambiguously as a 
function of the spin s. The result is then compared to the three point functions in 
the Wn minimal model, in the large limit, at 't Hooft coupling A = 1/2. We test 
the conjectured duality using the explicit expression for the spin 3 current in the coset 
construction, and found perfect agreement. 

We begin with a brief review of the three-dimensional Vasiliev's system in section 
2. In section 3 we describe the linearized spectrum of the bulk theory, as well as 
propagators and boundary conditions, while leaving technical details to Appendix A. 
Some useful formulae for the deformed bulk theory (i.e. with nonzero z/) are given 
in Appendices C. In section 4, we work to second order in perturbation theory and 
compute the three point functions of interest. The details of these derivations are 
given in Appendix B. Our proposal of the dualities and a test on the three point 
functions are presented in section 5. We conclude in section 6. 
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2 A brief review of Vasiliev's system in AdSs 



Throughout this paper, we will consider the Vasiliev system in AdS^, which consists 
of one higher spin gauge field for each spin s = 2,3,4,---, coupled to a pair of real 
massive scalar fields. We will often work explicitly with the Poincare coordinates of 
AdS^, with x'^ = {z,x^), i = 1,2, and the metric ds"^ = -^{dz^ + dx'^dx^). Following 
Vasiliev, we introduce the auxiliary bosonic twistor variables Ua, Za, where a = 1,2 
is a spinorial index, as well as the Grassmannian variables tpi, i = 1,2, which obey 
ijjj} = 25jj0 The master fields are: W a 1-form in the spacetime parameterized by 
x^^, S a 1-form in the auxiliary z^'-space, and B a scalar field. All of them are functions 
of well as 

W = W^{x\y,z,i)i)dx^, 

S = Sa{x\y,z,ipi)dz°', (2.1) 
B = B{x\y,z,tpi). 

These fields are subject to a large set of gauge symmetries. The infinitesimal gauge 
transformation is parameterized by a function e{x\y, z,iIj), 

6W = d,e+[W,el, 

6S = d,e+[S,eU (2.2) 
6B = [B,e],. 

One further imposes a truncation so that W, B are even functions of {y, z) whereas 
Sa is odd in (ii,z) (so that the 1-form S is even under {y,z,dz) i-> {—y,—z,—dz)). 
The gauge parameter e is then restricted to be an even function of {y, z) as well. One 
introduces a star-product * on functions of {y,z), defined by 

f{y, z) * g{y, z) = j dVve'^yiy + u, z + u)g{y + v,z-v). (2.3) 

Here and throughout this paper, the spinors are contracted as uv = u^Va = —v"Ua = 
—vu and uav = m^cTq^^/? for a matrix a. The integration measure d'^ud'^v above 
is normalized such that / * 1 = /. The Grassmannian variables ipi commute with 
ya, Za and do not participate in the * product. Under the star-product, the auxiliary 

^Note that while the equations of motion treats tjji and ip2 on equal footing, the choice of vacuum 
will not. The V'l's can be thought of as purely a bookkeeping device. 

^In Vasiliev's original papers, the master fields depend on the additional Grassmannian variables 
k,p. This will be discussed in Appendix C. We will refer it as the "extended Vasiliev system", the 
Vasiliev system we present here is obtained by making a projection (1+fc) /2 on all fields, and effectively 
eliminating k, p. 



5 



variables tja generate the three dimensional higher spin algebra 1) [9)1 . which is 
an associative algebra, whose general element can be represented by a even analytic 
function of in Ua- In particular, 1) has a subalgebra sl{2) whose generator can 
be written as Tap = y(a * Up)- An inner product on this algebra is defined as {A, B) = 
A{y)*B{y)\^^^. 

We define an involution l on the star algebra as follows: = iy", = —iz", 

L{dz") = —idz°', and the action of l reverses the order of all products (including the 
multiplication of ■i/'i's); in particular, l{iPiiIj2) = 4'24'i = —4'i'ip2- The master fields 
W, S, B are then subject to the reality conditioiill 

iiWy = -W, L{Sy = -S, and L{By = B, (2.4) 

where the superscript * stands for taking the complex conjugate on the component 
fields while leaving the auxiliary variables y'^ , z"' , ipi untouched. 

Vasiliev's equations of motion are now written as 

d^W + W*W = 0, 

d^S + d,W + {W, S}, = 0, 

d,S + S * S = B * Kdz"^, (2.5) 
d,B+[W,Bl = 0, 
d,B+[S,Bl = 0. 

Here dx and dz denote the exterior derivative in spacetime coordinates and the 
auxiliary variables z"' respectively. K = e^^ is known as the Kleinian. It has the 
properties 

K*K=1, K*f{y,z)=Kf{z,y), f{y,z)*K = Kf{~z,-y). (2.6) 

A few comments on (12. 5 p are in order. The third equation in (12. 5 p can be thought of 
as the definition of the scalar master field B. The fourth equation is equivalent to a 
Bianchi identity for the field strength of the connection A = W + S, which follows from 
the second and third equation. The last equation, however, is an independent equation 
for bE 

Note that the equations of motion (12. 5p are preserved under the involution l, if 
one sends (W, S, B) to (— —5, B) at the same time. In particular, Vasiliev's system 



^We will also consider hs{\) the one parameter deformation of hs{l, 1) in Appendix C. 

^Such a reality condition is necessary because, as we will see later, the physical components of the 
B master field are of the form ip2Ceven + ^2''PiCodd where Ceven is a real scalar and Codd is a purely 
imaginary scalar field. 

®This is different from the four-dimensional version of Vasiliev's system, which involves a similar 
set of equations. 
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can be further truncated down to what we refer to as the "minimal Vasihev's system" . 
The latter is defined by projecting the master fields onto the t-invariant components, 
namely 

i{W) = -W, l{S) = -S, and l{B) = B. (2.7) 

We will see later that the minimal Vasiliev's system contains only the even spin gauge 
fields and a single matter scalar. Though, in most of this paper, we will be considering 
the untruncated Vasiliev's system, where gauge spins of all spins greater than or equal 
to 2 are included. 

The equations (12. 5 p are formulated in a background independent manner. To formu- 
late the perturbation theory, one begins by choosing a vacuum solution, and identifies 
the physical propagating degrees of freedom by linearizing the equations around the 
vacuum solution. One may then proceed to higher orders in perturbation theory and 
study interactions in this background. It turns out that the system (12. 5p admits a 
1-parameter family of distinct AdS^ vacua, labeled by a real parameter u. In fact, 
the parameter u appears in a non-dynamical, auxiliary component of 5, and thus the 
1-parameter family of AdS^, vacua are not connected by physical deformations, but 
should rather be thought of as different theories in AdS^. In this paper, we will focus 
on the simplest, "undeformed" theory, corresponding to the u = vacuum. The de- 
formed vacua/theories {u ^ 0) are discussed in Appendix C. The perturbation theory, 
and in particular the study of three point functions, of the deformed theory is left to 
future work. 

The undeformed AdSs vacuum solution is given by 

B = 0, S = 0, W = Wo = Woix\y)+^M^\y), (2-8) 

where Wq is a fiat connection satisfying d^^Wo + Wq * Wq = 0. With Wo{x\y, ipi) chosen 
to be a quadratic function of y, the flatness condition is classically equivalent to the 
Chern-Simons formulation of Einstein's equation with negative cosmological constant 
in three dimensions. In other words, the equations of motion is obeyed if the 1-forms 
60,^0 are chosen as the dreibein and spin connection for AdS^, contracted with in 
spinorial notation. In Poincare coordinates x'^ = {z,x^), they can be written as 

wo{x\y) = WQ^{x)yayp = -^^^dx'', eo{x\y) = eQ^{x)yayf} = -^^^dx^. (2.9) 
Our convention for cq is such that 

{e^oUieo.r' = -^(^2^? + S'JJ), {e'oU{eo.r^ = -^5^ (2-10) 

Expanding around this vacuum solution, we will write W = Wq + W, and the equations 
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of motion in its perturbative form as 



DqW = -W*W, 

DoS + d,W = -{W, S}., 

d,S - B * Kdz^ = -S * S, (2.11) 
d,B = -[S, BU 
DoB = -[W,BU 

where we have defined Dq = dx + [Wq, ■]*. By choosing a z^-dependent gauge function, 
one can always go to a gauge in which S\z^=o = 0. The physical degrees of freedom 
are entirely contained in the independent part of the master fields, whereas the z^- 
dependence are determined via the equations of motion. It is then useful to decompose 
W,B as 

W{x\y, z, ip) = Wq + fl{x\y, ip) + W'{x\y, z, ip) 
B{x\y, z, ijj) = C{x\y, ^) + B'{x\y, z, ip) 



(2.12) 



where VL and C are the restriction of W and i? to = 0, respectively, while W and 
B' obey W'\ = -B'l _„ = 0. We will see that Vt and C contain the higher spin 
gauge fields and two real scalar fields, whereas W and B' are auxiliary fields. At the 
linearized level, the equations (12. lip reduce to 

Do^^W = -{l^o,W^'^'^}*|.=o, (2.13) 

= -DqS^^\ (2.14) 

4^(1) = C^^) * Kdz^, (2.15) 

= 0, (2.16) 

DoCW = 0, (2.17) 

where the superscript (n) labels the order of the component of the respective field in 
the perturbative expansion. These equations will be analyzed in detail in the next 
section as well as in Appendix A. We will then proceed to the quadratic order and 
study the cubic coupling and three point functions in section 4. 

Let us note that the system of equations (12.51) and the AdS^, vacuum (12.81) are 
invariant under a global U{1) symmetry, 

W ^ (.iHl^r^-ie^l^ ^ ^ e^e^i^e-iev^i^ 5 ^ e^f'/'i^e-ie^i. (2.18) 

This U{1) rotates the phase of the complex scalar matter field, while leaving the higher 
spin fields invariant. Note that (I2.18P preserves the reality condition (12. 4p . While it is 
a symmetry of the classical theory, and is expected to be a perturbative symmetry of 
the quantum theory, it should be broken non-perturbatively (or alternatively, become 
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gauged), as anticipated in any quantum theory of gravity [32]. In the proposed dual 
CFT, the U{1) rotates the basic primaries (□; 0) and (□; 0) with opposite phases. As 
far as correlators of a fixed number of basic primaries are concerned, in the large N 
limit, this U{1) is effectively a symmetry of the theory, since any correlation function 
that violates the U{1) vanishes by the fusion rule. This U{1) is obviously broken when 
N basic primaries are inserted, as the tensor product of N fundamental representations 
of SU{N) contains a singlet. 



3 Propagators and two point functions 
3.1 The physical fields and propagators 

In this subsection we will describe the physical degrees of freedom in the linearized 
master fields, as well as their propagators. The details of the derivations starting from 
Vasiliev's equation are given in Appendix A. 

3.1.1 The scalar matter field 

The linearized scalar master field C^-^\x\y,tp) can be decomposed as 

C^'\x\y,^,) = +^2Ci!L(x|i/,^i). (3.1) 

Ciux is purely auxiliary; the only solution to its equation of motion is a constant, 
which parameterizes a family of AdSs vacua. We will set Ciux = for now. cl^it can 
be expanded in y as 

It follows from Z}o(V^2C'mlt) = that the bottom component C^^lf (xlipi) obeys the 
usual Klein-Gordon equation for a massive scalar field in AdS^, 

{V^d, - m') dj,h\x\ij,) = 0, m' = -^. (3.3) 

Expanding further in ipi, C^^f (xl^/^i) = Ceven{x) + "ipiCoddix) contain a pair of real 
scalars of mass squared = — | in AdS units. Due to the reality condition (12. 4p . 
Ceven IS real whereas Codd is a purely imaginary scalar field. They can be paired up 
to a complex massive scalar as Ceven + Codd, with Ceven — Codd its complex conjugate. 
Under the global U{1) symmetry (12.181) . Ceven ± Codd transform as 

Ceven i Codd ~^ 6 {Ceven i Codd) ■ (3-4) 
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In the dual boundary CFT, this complex scalar corresponds to a complex scalar 
operator of dimension or A_, depending on the choice of boundary condition. Here 

A± = 1 ± - = - or -. (3.5) 
2 2 2 

The higher components C^^j" are expressed in terms of derivatives of C^^f through 
the equation of motion. 

In the i/-deformed vacua, C^at still describes a pair of real massive scalar fields, with 
mass squared = — | + where the ± sign depends on a choice of projection. 

This is discussed in Appendix C. 

The boundary-to-bulk propag ator for the scalar is C™"^*'" = K{x, z)^ for A = 3/2 
or A = 1/2, where K{x,z) = ^2^^, x = {x^jx"^). It is convenient to introduce another 
auxiliary variable ipi, satisfying ipf = 1, to label the two different boundary conditions, 
so that A = 1 -|- 4'i/2. With the (5-function source on Ceven component: 



dr^lt{x,z^ 0\y,^i) = 2^i;,z^-^6\x) (3-6) 

turned on on the boundary, the boundary-to-bulk propagator for the master field 
Cmli(a;|l/,V^i) is then given by 



where S = cr^ — %ct^x^. We can also turn on the source on Codd component: 



&^l{x, z ^ 0|y, ^1) = 2nijrij,z^-^5\x) (3-8) 
on the boundary. The boundary-to-bulk propagator will be just (13. 7p times ipi. 

Under the action of the involution t, Ceven is invariant whereas Codd changes sign. 
Hence only Ceven survives the minimal truncation (12.71) . Thus, the "minimal Vasiliev 
system" contains only a single real scalar scalar, which is dual to a real scalar operator 
in the boundary CFT. Note that in writing the boundary-to-bulk propagator (13. 7p . we 
have chosen to turn on a source for Ceven only, and the result is invariant under the 
projection by l. 

3.1.2 The higher spin fields 

The higher spin gauge fields, as well as some auxiliary fields, are contained in VL{x\y, 
which may be decomposed in the form 

Q^'\x\y,^,)=Q''\x\y,^,)+^2^'''{x\y,^,). (3.9) 
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As the notations suggest, Q'** contain the higher spin gauge fields in AdSs, while Q^'^ are 
in fact auxiliary fields determined by the scalar matter fields. The linearized equations 
take the form 

Do^'" = 0, Don'"" = -MWo,ip2W'^'''}.U=o. (3.10) 
where we have defined 

-Do = 4 + [wo, ■]* - V'ljeo, •}*■ (3.11) 

It is demonstrated in Appendix A. 2 that up to gauge transformations, fl^'^ have no 
propagating degrees of freedom and are determined entirely in terms of Cmat- on 
the other hand, obeys the (linearized) Chern-Simons equation with higher spin algebra 
hs(l, 1) © hs(l, 1). They are related to the metric-like higher spin fields, which are 
usually written in terms of traceless symmetric tensors, in the following way. 

First, expand = ^'lf{e'^)a(3 in y as 

and then express the components in terms of symmetric traceless tensors (in spinorial 
notation) as 

(^hs,{n) / I / \ n,+ I n,0 , n,— /q -i qn 

or equivalently, 

1 1 

(3.14) 

Here xH^ly, "^i) is defined as X^i^-a„+2 contracted with t/"'s, and similarly for x^(x|y, -^i) 
and x~(a;|y, 'i/^i). Next, we expand in ipi, and write 

X^/'-x2^tI' + ^iX:fJ'. (3.15) 

It turns out that Xeven are determined in terms of (derivatives of) Xodd through the 
equation of motion. Furthermore, XoM can be gauged away entirely. The residual 
gauge symmetry on Xoddiy) takes the form 

^Xoddiy) = ~ ri{n + l) ^"'^'^^y'' 

where A"^^(y) is related to the gauge parameter e by e = fpi^odd- defined here 

as 

V+ = (Ky)V^, W- = idye^MV„ (3.17) 
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where acts on a tensor {■■■)aia2--- as the spin-covariant derivative. Under the l- 
action, only the even spin fields are invariant. Hence, the "minimal" Vasiliev's system 
only contains higher spin gauge fields with even spins, and its dual boundary CFT 
contains only even spin currents. 

In the metric-like formulation, the spin-s gauge field is described by a rank s double 
traceless symmetric tensor It may be decomposed into irreducible representa- 

tions of the Lorentz group as 

^Ml'-'Ms ~ ^Mi---Ms "I" fl'(/ilM2X/^3---/^s)5 (3.18) 

where ^ and x a-^e traceless symmetric tensors of rank s and s — 2, respectively. With 
the identification 

2s-2,+ ^ .(s) 2S-2,- ^ -3 (,) 

Aodd S, ; Xodd 32(s — 1) ' I^O.iyj 

where ^^^^ is defined as ^^j.-./j.^ contracted with {eQ)ai3y'^y^ and similarly for x^^\ the 
Chern-Simons form of the equations of motion can be shown to be equivalent to the 
Fronsdal form of the equation on $, 



(3.20) 



which is invariant under the gauge transformation: 

(^^Mi-M. = ^ ii^l^i^^-i^s). (3-21) 

where r]^^...^^ is a symmetric traceless gauge parameter. The gauge transformation 
fl3.2ip is also equivalent to f l3.16p under the identification (13.191) . 

In three dimensions, the higher spin gauge fields do not have bulk propagating de- 
grees of freedom. In AdS^, just as in the more familiar case of gravitons (s = 2), there 
are boundary excitations of the higher spin fields, corresponding to field configurations 
that cannot be gauged away by gauge transformations that vanish on the boundary 
of the AdS spacetime. A careful analysis of the gauge conditions is necessary in or- 
der to talk about boundary-to-bulk propagators and bulk-to-bulk propagators. We 
will first consider Metsaev's modified de Bonder gauge [33], which is convenient for 
solving higher spin propagators in AdS in general dimensions. We will see, however, 
that the propagators found in this gauge violates (the higher spin generalization of) 
Brown-Henneaux boundary condition, and are not directly applicable to the compu- 
tation of boundary correlators. Nonetheless, this gauge should be useful in doing loop 
computations in the bulk. We will then proceed to find the appropriate boundary- 
to-bulk propagators that obey Brown-Henneaux boundary condition, which allows for 
computations of boundary correlators. 
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3.2 Propagators in modified de Donder gauge 



The modified de Donder gauge was introduced by Metsaev in [33j. This gauge has 
the advantage that the equations of motion for different components of free higher 
spin gauge fields decouple, and hence the solutions can be obtained easily. The imple- 
mentation of the gauge condition, on the other hand, is a bit complicated. It can be 
described as follows. Start with the double traceless symmetric ^^^...^^ which obeys 
the Fronsdal equation in AdS^. Write ^Ai-As ~ "^mi-'-ms^Ai ' ' '^As '^here Ai are local 
Lorentz frame indices. Define a generating function/field 

$^(a;|r) = <l>^^...^^r^^---F^% (3.22) 

where = (Y^ jY"^) are auxiliary vector variables (analogous to the twistor vari- 
ables y°' introduced previously). One then performs a linear transformation on ^'^{x\Y), 

(j){x\Y) = ^-5Arn'^*$^(x|F), (3.23) 

where z is the Poincare radial coordinate. A/" is an operator that acts as a separate 
normalization factor on each component of $(a:|y) of given degree in Y^ and Y = 
{Y^, y2), and 11'^* involves derivatives on Y^ and Y. See Appendix A. 3 for the definition 
of these operators. The resulting generating field 0(a;|y) is double traceless with respect 
to the directions parallel to the boundary, namely 

|l)%(.|r) = 0. (3.24) 

The modified de Donder gauge is defined by a gauge condition of the form 

C(f){x\Y) = 0, (3.25) 

where C is an operator involving up to two derivatives on Y and one spacetime deriva- 
tive. The key point is that, in this case, the Fronsdal equation for is re-expressed 
in terms of equations on (f){x\Y) as 



n + d': 



2 (r-i)_(r-|)^ 

r2 



{x\Y)=0, (3.26) 



where (j)r{x\Y) are the components of (p{x\Y) expanded in Y^, 

s 

<P{x\Y) = J2{Yr-''M^\y)- (3.27) 



r=Q 



The equation of motion is then straightforwardly solved in momentum space. Note 
that the gauge condition f l3.25p relates the different components (j)r{x\Y). After solving 
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0(a;|y), one can translate it back into and further into the frame-hke fields 

xl^dd^- The result for the boundary-to-bulk propagator of xidd^ due to a chiral spin-s 
current J^^...^ source inserted at x = is given in momentum space explicitly by (up 
to the overall normalization factor) 

(3.28) 

The details of the derivation is given in Appendix A. 3. These propagators, however, 
do not obey the higher spin analog [lH [15] of Brown- Henneaux boundary condition 
|13] . which should be imposed in order for the dual CFT to have the appropriate 
higher spin symmetry. In fact, we know that any solution to the linearized higher spin 
equations in AdSs must be a pure gauge in the bulk. The key to finding the appropriate 
boundary-to-bulk propagator is then to find the appropriate gauge transformation near 
the boundary. In the next subsection, we will see that such a gauge transformation 
takes a rather simple form. The bulk-to-bulk propagators in the modified de Bonder 
gauge may still prove useful for loop computations in the bulk, which we hope to revisit 
in the future. 



3.3 The asymptotic boundary condition 

Let us begin with the spin 2 case, and consider the Brown- Henneaux boundary condi- 
tion [13] on metric fiuctuations. In the y-algebra language, a spin 2 tensor field sourced 
by a positively polarized stress-energy tensor insertion on the boundary, at x = 0, that 
obeys Brown-Henneaux boundary condition is given by 

$2(x|r) ~ 6^(x)(Y+? + (subleading contact terms) + - — ui^'f- (3-29) 

[x )4 

On the RHS we only indicated the leading order terms in the z — )■ limit; their coeffi- 
cients are not specified. The boundary-to-bulk propagators in the modified de Bonder 
gauge, derived in the previous subsection, does not obey this boundary condition. It 
suffices to examine the spin 2 case. In position space, the graviton boundary to bulk 
propagator in the modified de Bonder gauge (for a positively polarized source) is 

^"(Y) = -Y^Y \ f \ - -{Y^f + -Y^Y- ^f/ (3.30) 

TT [X^ + Z'^Y TT (X^ + Z^Y 71 [X'^ + Z'^Y 
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In the limit z — )■ 0, it goes like 

^^(Y) ~ S^(x)(Y+)'^ + (subleading contact terms) + - — (3.31) 

[X )2 

which clearly violates the boundary behavior of f l3.29p . 

Similarly, the higher spin gauge fields are subject to the an analog of the Brown- 
Henneaux boundary conditions [HI [T5] . For general spin s, the boundary condition is 
such that the boundary-to-bulk propagator for a positive polarized spin-s source is 

<l>'{x\Y) ~ z^-'6\x){Y+y + (subleading contact terms) + -7^^, (3.32) 

[X ) 

where the coefficient are again not specified. Let us examine this boundary condition 
fl3.32p in more detail. In three dimension, similarly to gravitons, the higher spin gauge 
fields do not have any propagating degrees of freedom in the bulk. In other words, 
any solution to the equation of motion can be (locally) written in a pure gauge form, 
$'^(x|y) = Y^D"^ri^{x\Y). However, the gauge parameter ri'^{x\Y) may have nonzero 
higher spin charge, the latter is given by a boundary integral, and the higher spin 
gauge field $'^(x|F) would not be gauge equivalence to zero. As proposed in [2], the 
boundary behavior of the gauge parameter 7]''{x\Y) can be fixed by demanding the 
gauge field $*(x|F) obeys the boundary conditions fl3.32p . With some effort, we find 
the appropriate gauge parameter ri^{x\Y) near the boundary: 

s—l 2s— 2«— 1 u 

^W) = E E E 

(3.33) 




u=0 r=l v=0 

X (y3)2t,+r-l^y- 

and the corresponding gauge field 

^%x\Y) = Y'^D^ixlY) 

= 2nz'^^''6'^{x){Y^y + (subleading contact terms) 

+ {-iy{2s-l)^-^^ + 0{z^^'). 



(3.34) 



[X' 



Notice that the leading analytic term on the RHS of (13.340 is proportional to the 
two point function of the boundary higher spin currents. Since the gauge parameter 
is a traceless tensor, i.e. dy^jsiY) = 0, we can substitute Y"^ = e^py°'y^ in f l3.33p 
and obtain, modulo an overall normalization coefficient, the gauge parameter in the 
(spinorial) algebra language (see fl3.16p ): 



^\y) = -^Y.^yT~''-\y'r'^^ + o{z^^'). (3.35) 
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For later use, we also compute the boundary-to-bulk propagators for the generating 
function of frame-like fields, ^"^^ Xet-en^^ using flA.48P and flA.43p . and compute 

l]^^'^"^^ and ^^22''''^^ using flA.39p . They are 

= 2TT{y')'''z^-'5''ix) + (subleading contact terms) + (^^ ~ IK^')''^' ^ 



Xodd — U 



Xodd ~ (contact terms of the order z * and higher) + 0{z''^ 

(3.36) 

and 



= -27r(yi)2^22-s^2. X ^ (subleading contact terms) - ^ + 0(z'+^), 

xitlen — (contact terms of the order z^~'^^ and higher) + 0{z^^^), 
X^even — (coutact tcrms of the order z*~'^'^ and higher) + 0{z'^^^), 

(3.37) 

as well as 

Q'l'/'\y) = -2(1 - tlj^)-K{y^ f'-^z^"'6\x) + (subleading contact terms) + 0{z'+^), 

n^^'^'\y) = (contact terms of the order z^-' and higher) - (1 - ^1)^ -^^^ + C(z*+^) 

[X ) 

(3.38) 

Notice that the leading contact term in fij'*'*-*'' is proportional to (l—ipi); in other words, 
we have imposed the Dirichlet boundary condition on the component (1 — 
Similarly, for the negative polarized higher spin gauge field, we impose the Dirichlet 
boundary condition on the component (1 + iIji)Q22^'^^ ■ 

3.4 Higher spin two point function 

With these formulae at hand, we can now compute the two point function of the higher 
spin currents on the boundary. The linearized higher spin equation DoQ^'^ = can be 
obtained from the quadratic part of a Chern-Simons type action: 

Shs = - j #1 j {^^\ dn^' + 2Wo * n^') . (3.39) 
We decompose the higher spin gauge field as 

Q''' = nfdz + 9!l'dx^ + nt'dx-. (3.40) 
Modulo the equation of motion, the variation of the action fl3.39p is 

5Shs = - J di)i j dx+dx-^ [{nX', 5nt') - {nt', sn'i')] , (3.41) 
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which, however, is non- vanishing under the boundary condition fl3.38p . To cancel it, 
we add a boundary term to the action: 

Shs,b = -Jdi,^J dx+dx-^ij, {Ql^, n'!!) , (3.42) 

whose variation is 

sShs,b = - j di)i j dx^dx-^iJi [{n'l', snt') + {n'^j, snl')] . (3.43) 

Hence, the variation of the total action Shs + Shs,b is 

SShs + SShs,b = - j d'^'i j dx+dx~^ [{1 + tPi) {Ql', 6Ql') - (1 - V-i) {^-, 6Ql')] . 

(3.44) 

which indeed vanishes under the boundary condition f l3.38p . or equivalently the Dirich- 
let boundary condition on the components (1 — tlJi)Q^ and (1 + 

Since the bulk action (13.391) vanishes on-shell, the only contribution to the two-point 
function comes from the boundary term fl3.42p . Evaluating the boundary integral f l3.42p 
using the higher spin boundary-to-bulk propagators, we obtain the two point function 
of higher spin currents: 

(2.-1). P'^^' 



[X 



12) 



This is indeed the structure expected from conformal invariance. 



4 Three point functions 

4.1 The second order equation for the scalars 

To extract the cubic couplings in the bulk Lagrangian, or the three point correlation 
function of boundary operators, we need to express the master fields in terms of the 
physical fields and expand the equations of motion to quadratic order. For the purpose 
of studying three point functions involving the scalars, it suffices to work with the 
equations for the master field to the second order. They are 
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Decomposing W^^\ B^^\ 5*^^^ as in (12.121) . and restricting the second equation at 2; = 0, 
we obtain 



lz=0 



mat] * I 2=0 



(4.2) 



We remind the reader that C^^^ = Caux + '^2Cmlt and fi^^^ = Q^"^ + ip2^'^'^, and we have 
set C£l. = 0. The S^^^ and VT'^^) are hnear in 'ijj2, and the first equation imphes B'^ ' is 
independent of ip2- Decomposing C'-^^ in a similar way as (x|?/,?/') = c£^x|?/,?/'i) + 
V^2C'ma^(^lz/5 V'l)? W6 obtain the second order equation for the scalars: 



hs 



.(1) 



or more explicitly 



(1) 



-jOdd ^(1) 



(4.3) 



(4.4) 



)odd 



where and f2 are the components in the decomposition = n^'"'^"- + ipiQ 

We further decompose C^lt as C^i(?/) = ^^=0 C'maf"! " " - 2/"", and special- 
ize (K^ to the case n = 0, 2. 



(4.5) 



where and f^^i^jaj are the first two coefficient of the y-expansion of the RHS of 
(14. 4p . After some simple manipulations, it follows that 



(4.6) 



The RHS is calculated in terms of the first order fields in Appendix B.2. The resulting 
the second order equation for the scalars can be written in the form 



s=2 



where ^^(j/) is expressed in terms of the higher spin fields as 



x2/(l/) + (23-2)(2.-l)xir(z/) 



+ 32V^i 



(4.7) 



(4.^ 
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4.2 The three point function 



The boundary-to-bulk propagator for the higher spin gauge field satisfying the gen- 
eralized Brown-Henneaux boundary condition f l3.32p is determined by the boundary 
behavior of the gauge transformation (13.351) . The latter is enough for us to compute 
the three point function of one higher spin gauge field and two scalars. Suppose the 
cubic action of a higher spin gauge field and two scalars is of the form as the higher 
spin gauge field couples to the higher spin current, i.e. 

d'x Tf ■■■'^^ (4.9) 

where the higher spin current Tj^^'"^" is a quadratic function of the scalar and its 
derivatives. Since the boundary to bulk propagator for high spin gauge field can be 
written in a "pure gauge" form: = ^(^ir]^^...^^-), and the higher spin current is 

conserved: V^T^^^^" '^""^ = 0, we have 

J2 ( ^ ] y s 

d'xdzd,, i^r^-jr A (4.10) 



which only depends on the boundary behavior of the gauge parameter at 2; — 0. 

The RHS of the second order equation (14.71) gives the variation of the cubic action 
with respect to the scalar up to some possible boundary terms. 

5S = j di.,j ^V^i5C«f gC«f-^(9,)H,(y). (4.11) 

While it is possible to recover the cubic part of the action from (14. lip , in the form 
(14. 9p . we will not need it for the computation of the three point function. The tree 
level three point function is computed by varying the bulk action with respect to three 
sources inserted on the boundary, and so it suffices to work with (14. lip directly, by 
evaluating it on the boundary-to-bulk propagators for the higher spin gauge field and 
scalars. This computation is performed explicitly in Appendix B.3. The resulting three 
point function of one higher spin current and two scalars is: 

{0{x,)0{x2)Js{x,)) = -Ait{s + ^i(s - l))T{s) ] (4^) . (4.12) 

Here O and O are dual to Ceven + Codd and Ceven — Codd respectively. They have 
scaling dimension A_|_ = | or A_ = ^ depending on the choice of boundary condition. 
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corresponding to ^/'i = 1 or ^/^i = — 1. The position dependent factor on the RHS of 
f l4.12p is fixed by conformal symmetry. The only nontrivial data here are contained in 
the overall coefficient, which is unambiguous given the normalization of the currents. 
These will be compared to representations of the Wn algebra in the 't Hooft limit in 
the next section. 



5 The dual CFT 
5.1 The proposal 

It has been proposed in [TT] that Vasiliev's higher spin-matter system (more precisely, a 
version of this theory with four real massive scalars) is dual to the minimal model, 
which can be realized by the coset model 

SU{N)k(BSU{N)i 

5f/(iv)fc+i ■ ^ ■ ^ 

This CFT has a 't Hooft-like scaling limit, in which is taken to be large while keeping 
the 't Hooft coupling 

N 

X = (5.2) 

N + k ^ ' 

to be fixed. In the infinite N limit, A becomes a continuous parameter, in the range 
< A < 1. It is proposed that A is mapped to the parameter u that label AdS^ 
vacua, with the identification A = |(1 ± z/). The undeformed, u = vacuum we have 
been considering so far would be mapped to the A = 1/2 case. In the 't Hooft limit, 
"basic primaries" of (left plus right) scaling dimension A± = 1 ± A are mapped to the 
massive scalars in the bulk, whereas all other primaries are found in the OPEs of the 
basic primaries, their duals interpreted as bound states in the bulk. 

A puzzle with this proposal is the existence of low lying primary operators in the 
coset CFT, whose dimension scale like and form a discretuum in the 't Hooft limit. 
This has been further addressed in [3l] . It is unclear how to interpret the dual of such 
states in the bulk. 

Here we put forward a different proposal, namely that the Vasiliev higher spin- 
matter system, involving only two real massive scalars in the bulk, is dual to a subsector 
of the Wn minimal model, generated by the two basic primaries of either dimension 
A_|_ or dimension A_, depending on the boundary condition for the bulk scalar field. 
This subsector has closed OPE and is consistent as a CFT on the sphere, though not on 
Riemann surfaces of nonzero genus, as it is not modular invariant. Hence, we believe 
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that the bulk Vasihev's system is nonperturbatively incomplete, though makes sense 
perturbatively to all orders in its coupling constant (i.e. 1/A^). 

In a similar manner, we further propose that the "minimal" Valisiev's system, 
obtained via the truncation to fields invariant under the t-involution (12. 7p . is dual to a 
subsector of the orthogonal group version of the coset modelj^ 

SOiN)k © SOiN)^ 



SO{N) 



k+l 



(5.3) 



Because SO{N) has only even degree Casimir invariants, the coset model contains only 
the even spin currents. The real scalar in the "minimal" Valisiev's system is dual to 
one of the real basic primary operators, either (□; 0) or (0; □), depending on the choice 
of boundary condition for the bulk scalar. 



5.2 Wn currents and primaries 

Let K"-{z) be the currents of the S'f/(A^)fc current algebra, and J'^i^z) the currents of 
SU{N)i. Our convention for the group generators of SU{N) is such that 

Tr{T^T^) = -d""^ (5.4) 

where Tr is taken in the fundamental representation. The cubic symmetric tensor is 
defined to be 

rf"^" = -zTr({T",T^}r'=). (5.5) 
The SU{N)k currents, for instance, are normalized with the OPE 

K''(z)K\0) ~ -4^"' + r''^^^, (5.6) 
z^ z 

where /"'"^ = —Tt{[T°',T'']T'^). The spin-2 current, i.e. the stress-energy tensor of the 
coset model constructed out of the Sugawara tensors, is given by 

T{z) = W\z) 

^ : /ST^/ST" : : : +— \ : {K" + r){K'' + J") : 



2{N + k)' ■ 2(A^ + 1)' ■ 2{N + k+l) 

(5.7) 



^The bulk gauge group of the minimal Vasiliev theory, in the Chern-Simons language, when trun- 
cated to a finite (even) spin N ^ is Sp{N, R) x Sp{N, R). In mapping representations of the higher spin 
algebra in the bulk to primaries labeled by representations of the afHne Lie algebra of the minimal 
model, a transpose on the Young tableaux is involved [34j . This suggests that the dual minimal model 
is based on SO rather than Sp coset. We thank T. Hartman for pointing this out. Note also that the 
analogous Sp coset construction would not give a Wn minimal model; its primaries are generally not 
labelled simply by a pair of representations, but a triple of representations |35) . 
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The spin-3 current W^, in the 't Hooft hmit, is written as 

3A2 3A 



W'iz) = d. 



abc 



K^K^r : : K^J^J"" : + : JVV^ 



(1 -A)(2- A) ■ ■ 1 - A 

The normahzation is such that the two point function of is given by 



(5. 



{W\z)W%0)) = -Qj-^^^^r-^^' + (V^ corrections). (5.9) 
(1 - A)(2 - A) 

One may also construct higher spin-s currents out of the product of s K"^ and J°'s, 
subject to the constraint that is primary with respect to the diagonal SU{N)k+i- 
This is rather cumbersome, which we shall not attempt here. Nonetheless, we will 
perform one unambiguous check with the spin-3 current. 

Let us now turn to the primary operators with respect to the Wn algebra. These 

are labelled by three representations of SU{N), (p, /i;i/); here p,fi,i' are the height 

weight vectors of the respective representations, subject to the condition that the sum 

of the Dynkin labels is less than or equal to the level, and the constraint that p + fi — u 

lies in the root lattice of SU{N). Further, it follows from the second SU{N) being at 

level 1 that n is uniquely determined given p and u. Following the notation of [TT] , the 

primaries are labeled by (p; u). We consider the diagonal modular invariant, by pairing 

up identical representations on the left and right moving sectors. The basic primaries 

are: 

0+ = (□; 0) ® (□; 0), 0+ = (□; 0) ® (□; 0), 

C_ = (0;n) ® (0;n), 0_ = (0;n) ® (0;n). 



In the 't Hooft limit, 0± (and 0±) have conformal weight h± = h 



± 



2 ■ 



Our proposal is that with the A+ boundary condition, the two real massive scalars 
in the bulk, combined into a complex scalar Ceven + Codd, is dual to 0+, while its 
complex conjugate Ceven — Codd is dual to According to the fusion rule, the OPEs 
of (9+ and (9+ involve only primaries labeled by the representations of the form [R; 0). 
In particular, the operators C_ and the low lying primaries of the form (R; R) do 
not appear in the OPEs of Oj^ and 0+. Thus, this subsector of the CFT closes on the 
sphere. 

Alternatively, with A„ boundary condition imposed on the bulk scalar, we propose 
the dual to the be subsector generated by (9_ and C_. 



22 



5.3 A test on the three point function 

The spin-3 current acts on the basic primaries 0± as 

W^\0_)^Cu\0_), 

w3|.^ . _ r (1 + A)(2 + A) (5.11) 

where Cn is the cubic Casimir for the fundamental representation, given by 

Cu\D) = dabcJSJoJo\0), Ca = iN^ (5.12) 

in our convention. The three point function {Oa{zi)Oa{z2)W^{z3)) is determined by 
conformal symmetry to be of the form 

Fl2r^ V -213-223/ 

We will write (OaOaW) = A{s) for the coefficient. It follows from the action of Wq 
on the primary states that 

{O+O+W) = -ziv2|i±|K|±||, (O.O.W) = iN\ (5.14) 

If we define J*^*-* to be the spin-s current with normalized two-point function, namely 
(J^*'(2;) J*^'*)(0)) = z^'^^ (this fixes J^*) up to a sign), then we have 



2(1 -A)' \ - - ' Y2(l + A)' 



^ + + ' Y6(l-A)(2-A)' ^ ' Y6(l + A)(2 + A) 

(5.15) 

Prom the bulk, we have computed the three point function {fDOJ^^^) in the unde- 
formed theory, with the result (after normalizing the spin-s current) 



(0,0,7<.>>=,rW^^|^. (0.0.7<.>)=(-).,-I(|=^ (5.16) 

Here g is the overall coupling constant of the bulk theory. This should be compared 
with the CFT at A = 1/2. With the identification 

S = ^. (5.17) 
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we see that fl5.16p precisely agrees with flS.lSp at A = 1/2. fl5.16p then further makes 
predictions for the three point functions {OOJ^'^^) of spin s > 4 in the Wn coset CFT, 
in the 't Hooft hmit at A = 1/2, which remains to be computed directly on the CFT 
side. Further, it would be very interesting to compute these three point functions in 
the deformedhnlk theory, i.e. the AdS^ vacua with nonzero z/, which should be mapped 
to the CFT with 't Hooft parameter away from A = 1/2. We hope to report on this in 
future works. 

6 Concluding remarks 

In this paper, we have developed the perturbation theory of Vasihev's higher spin- 
matter system in AdS^, to the second order. This allowed us to compute the bulk 
tree level three point functions, in the undeformed u = vacuum. The result passed 
a nontrivial test that involves the explicit expression for the spin-3 current in the Wn 
minimal model (at the special value of 't Hooft coupling A = 1/2). Our result from 
the bulk also makes predictions on three point functions involving currents of spin 
s > 4 which in principle can be straightforwardly computed (though tedious) in the 
coset CFT, by constructing the Wn currents out of the spin 1 affine currents, and then 
taking the 't Hooft limit. 

A natural next step is to move away from the undeformed, z/ = vacuum, and con- 
sider the deformed bulk theory, which should be dual to the CFT away from A = 1/2. 
In Appendix C, we have derived the boundary to bulk propagator for the scalar master 
field in the deformed theory. The computation of correlators using these expressions 
could be complicated, though at least one can work order by order expanding in z/, 
which amounts to expanding in A — | in the dual CFT. 

Next, one would like to go beyond leading order in 1/A^. The basic primaries in the 
Wn minimal model have exact scaling dimensions 



A 



2h{D;0) 



N- 1 



(1 + 



+ 1 

N 
N + 1 

N + X 



A) 



■+ 



N 
N -1 



(6.1) 



A 



2h{0;D) 



N 



(1 



A). 



Identifying A± = 1 ± a/1 + rrij., we see that the renormalized mass of the bulk scalar 
with the two different boundary conditions are 




(6.2) 
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The bulk scalar propagator depend on the boundary condition (A+ or A_), which 
presumably leads to the different renormalized masses m+ and m_ through loop cor- 
rections. The difference between m+ and m_, say at order or one- loop in the bulk, 
can in principle be understood [36| [3T| in terms of the tree level four-point functions, by 
factorizing the difference in the bulk propagators for the two boundary conditions into 
the product of boundary-to-bulk propagators. To compute either or form the 
bulk, however, requires performing a genuine one-loop computation in Vasiliev's the- 
ory. The precise relation between the bulk deformation parameter v and the 't Hooft 
coupling A of the boundary CFT, beyond the leading order in is presumably also 
regularization dependent. 

We proposed that Vasiliev's system is dual to not the entire minimal model 
CFT, but only a subsector of it, generated by the basic primaries C+, (9+ and the Wjq 
currents, or the subsector generated by and the PF/v currents, depending on 

whether A+ or A_ boundary condition is imposed on the two bulk scalars. These two 
subsectors close on their OPEs, and lead to consistent n-point functions on the sphere. 
However, they are not modular invariant. From the perspective of the bulk higher 
spin gravity theory, modular invariance is expected to be restored by gravitational 
instantons (analytic continuation of BTZ black holes), which are non-perturbative. 
At the level of perturbation theory, it is consistent that the bulk theory is dual to 
a subsector of a modular invariant CFT. The duality we are proposing is analogous 
to the statement that pure gravity in AciS's, at the level of perturbation theory, is 
dual to the subsector of a CFT involving only Virasoro descendants of the vacuum, i.e. 
operators made out of products of stress-energy tensors. The latter lead to a consistent 
set of n-point functions on the sphere, though do not give modular invariant genus one 
partition functions by themselves. 

If our proposal is correct, then it suggests that Vasiliev's system is non-perturbatively 
incomplete, though makes sense to all orders in perturbation theory. One may suspect 
that solitons, in particular black hole solutions, should be included and could make 
the theory modular invariant. However, we are not aware of a modular invariant com- 
pletion of the A_|_ or A_ subsector of minimal model that requires adding only 
states/operators whose dimensions scale with (and are large in the large limit). 
The W^Tv minimal model itself would amount to adding not only states of dimension of 
order 1, but also a large number of light states whose dimensions go like 1/A^, which 
seems pathological from the perspective of the bulk theory. 

It is clearly of great interest, still, to understand the bulk theory dual to the full 
minimal model, since the latter is non-perturbative defined and exactly solvable. It is 
shown in [3l] that the descendants of the light states give rise to bound states of the 
basic primaries, while the light states themselves become null in the infinite A^ limit. 
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It is unclear how to understand this from the bulk. A possibility is that additional 
massless scalars should be added in the bulk theory, with the non-standard boundary 
condition (so that they are dual to operators of dimension rather than 2, classically). 
It would be an interesting challenge to construct such a theory in AdS^^. 
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A Linearizing Vasiliev's equations 

A.l Derivation of the scalar boundary to bulk propagator 

In this subsection, we study the linearized equations (12.1 7p . and solve for the boundary- 
to-bulk propagator for the master field C^^\ 

Decomposing the C*-^^ as in (13. ip the equation DoC'-^-' = is written as 



(A.l) 



Expand C^l^^^^^^{x\y,ilJi) as in (13. 2p . we write the first equation of flA.ip as 



d,Cill\,....„ - Aniwo,)i.,^Ci]]i^pa^) - 4nV^i(eo^)(^/C«/^^) = 0. (A.2) 

Contracting this equation with (69)^5, and symmetrizing the indices {•jSai ■ ■ ■ an), we 
get 

V(^CW^.'^a^) = with V„;3 = e^^V^, (A.3) 
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which iii6cins that Caux carries no propagating degree of freedom. We can simply set 

The second equation of ( lA.ll) can be written as 
^) r'(i)''^ _ Anion '\ /3r'(i)>'^ 

- 2V'i(eo^)(aia2Ci^lt"~^ a3...a„ ) - 2{n + 2){n + l)V'l(eOM)"^C'mir^^a/3ai-a„ = 0. 

(A.4) 

Or contracting this equation with (eo)^/? gives 

~ ~ (A. 5) 

+ ^{n + 2){n+ +'„;3a,...a„ = 0. 

This equation is in a reducible representation of the permutation group of permuting 
the indices. To simplify the equation, we decompose it into irreducible representations 
by contracting with the tensor e"^ or symmetrizing all the indices. First, contracting 
flAl5l) with e""i gives 

Contracting (]A.6|) with e^"^ gives 



■"mat al3az---an ]^g^^ _ j^-^^l^mai a3 - an 0- (A-'^) 

Next, we want to symmetrize the indices of equations (lA.Sp . (IA.6p . and (lA.7p . It is 
convenient to reintroduce the auxiliary ?/"-variable. By contracting the indices of the 
equations flA.Sp . (IA.6p . and flA.7p with the y"'s which automatically symmetrizes all 
the indices, we obtain 

V+Ci!if (y) - ^(n + 2)(n + l)^,ct^^^\y) = 0, 

V°C«f (y) = 0, (A.8) 

V-C«r(y) - ^{n + l)n^iC«r'(l/) = 0, 

where 

which is the degree n homogeneous polynomial in the Taylar expansion of the matter 
field C™"*(|/), and we define the operators 

V+ = (y)(7y), V' = {yj7dy), V- = {dyfdy). (A.IO) 
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They obey commutation relations 
[V°,V^] = 0, 

[V , V ] = -^OAds ^ , (A.ll) 

with M = ydy and ^Ads = — 32Vq,/3V°'' where Vq,/? is defined to act covariantly both 
on exphcit spinor indices as well as on indices contracted with y". Iterating the first 
equation of (lA.Sp . we get 

Ci^£\y) = ^(16V^iV+)^Ci^if . (A.12) 

Since C^^^{y) is an even function in y", it is totally determined by its lowest component 
Cmaf via the above relation. After some simple manipulations of ( 1A.8I) using ( lA.lip . 
we derive 

^AdsC^];^ = -^(3 + n{n + 2))Ci^lf . (A.13) 

For n = 0, the equation gives the usual Klein-Gordon equation on AdS^, (13. Sp . The 
higher components C^^J-" are determined by C^|f through the linearized equations of 
motion. 

The equation 03. 3p is solved by scalar boundary to bulk propagator (7™-'^*'° = 
K[x,z)'^ for A = 3/2 or A = 1/2, where K[x,z) = ^2^^2 ■ It is convenient to intro- 
duce another auxiliary variable ipi, satisfying ipf = 1, to label the different boundary 
conditions, so that A = 1 + iIji/2. The (V"^)'^ acting on is 

(v+)^ir^ = ^ {fl(^+3 - 1)) (y^yy^^^ (A. 14) 

and using flA.12p . we obtain 

cS.liy) =[i + V^i^^ys.j e'^y-yR^-'^, (A.15) 

where E = cr'' — ^cr'^a;^. 



A. 2 The linearized higher spin equations 

In this subsection, we study the linearized equations (I2.13p . (l2.14p . (l2.15p . and rewrite 
them as the (linearized) Chern-Simons equation and Fronsdal equation by eliminating 
all the auxiliary degrees of freedom. 
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The fl2.14p and (12.151) imply that W is solved in terms of S and further in terms of 
cl^lf] hence, in particular, it is linear in iIj2- Decomposing Q^^'' as in fl3.9p . the linearized 
equations are written in (I3.10p . 

The linearized gauge transformations act by 

6W^'^ = d,e+[Wo,eU 

Let us restrict to gauge transformations that leave S^^^ invariant, namely e = X{x\y, ipi) + 
ip2p{x\y,ipi), where A(a;|?/,V'i) and p{x\y,ilJi) transform Q'^^ and fl^^ independently at 
the linearized level. Their actions are 

Sn'" = d^p + i'2[Wo,ip2p]* = V^p -^i{eo,p}*, 
^n'^^ = 4A + [Wo, A]. = V,.A + 7/>i[eo, A],. 



We show that Q'^'^ contains no dynamical degrees of freedom. First consider the 
homogeneous part of the equation, 

Dofl''' = 0, (A. 18) 

or more explicitly, 

V,fi^^(x|i/, ^P,) - ^ieo(x|y) A, fi^^(a;|y, ^i) + ^.n^'ixly, V^i) A, eo{x\y) = 0. (A.19) 

We have emphasized the wedge product between 1-forms, so the last terms involve the 
*-anti-commutator of the components of cq and ^2'^'^. Expand fl^'^ as 

oo 

n'%x\y,^,) = dx^Y.^V.-'^S^^'^^^y" ■■■y"- (A-20) 

n=0 

In components, the homogeneous equation for Q^'^ is written as 

V[.^^:f£....„ - 2^i(eo[.)(^fi:5'^) - 2(n + 2)(n + l)^i(eo[,)"^fi = 0. 

(A.21) 

Converting /i, u into spinor indices, we obtain 

V(a^fi;)i,..„„ - 2^16.^1(^1]-';;^) - 2(n + 2)(n + l)i^ieiJ'^nf^;^L,...^^ = 0. 

(A.22) 

where ^ 

GaPl-yS = (eo)a/3 (60^^)75 = —-^{^a^y^lBS + ^aS^p-y)- (A. 23) 

We can write (IA.22p as 

"^(a^KTi - —^ieMa,^",T~i^ , + — (n + 2)(n+ l)V^ie^''fiTmu =0. 

(A.24) 
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In components, the gauge transformation flA.17|l for fi*^ can be written as 



(A.25) 



or 

1 ^ „ o 1 



(A.26) 



Decomposing ^^^K-an 

Qsc,(n) I A^jO _i_ /■IT',— ( A 9Y\ 

we find that C"'^ and can be gauged away by p^^"^ and p"~^. Furthermore, by 
symmetrizing ■ ■ ■ of ( 1A.24I) . C"''' can be fully determined by C"'^ and C'^~. 

Now let us turn to the higher spin fields, Vt^'^. Their linearized equations are written 
more explicitly as 

V^^""' + eo A, n""' + fi'^^ A, eo = 0, (A.28) 

or in components, 

V[M^;]1.^..„„ - 4r^^l(eo[.)K^^^::]l';„) = 0. (A.29) 
Replacing [pz/] with spinor indices, we can write it as 

V(«^fi';i,...„„ - 4nV^ie(«^|(«,'^^S;;';,^) = 0, (A.30) 

or 

V(«^^^^;i,....„ + - = 0. (A.31) 

Let us decompose ^^^^^2^^...^ into the irreducible representation of the permutation 
group of permuting the indices as 

f^hs,{n) n,+ I n,0 , n,— / • oo\ 



Conversely, 

" (ai |7a2---an) Aai-.-a^) (A.33j 



2n 

77-1-1 

|75ai---«„_2 ^ _ ]^ AQ:l■■■a„_2• 
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Next, we want to also decompose the equation flA.311) into the irreducible representation 
of the permutation group. Symmetrizing all indices ■ ■ ■ q;„) in flA.31|) gives 



On the other hand, contracting (]A.3ip with e"°^ gives 



0. 



(A.34) 



(A.35) 



Now symmetrizing (/3a;2 ■ ■ ■ On) gives 



Alternatively, contract flA.35P with e^"^ gives 



(A.36) 



n + 2 , ,,0 2(n + l)(n-2) (n + 2)(n+l) ^ 



(A.37) 



As in the previous subsection, we reintroduce the auxiliary variable y", and define 



iy) = y ■■■y ^ , 



{y) = 

{y) = Xai---an-2y ' ' ' y 



(A.38) 



an-2 



and so 



(A.39) 



The three equations derived previously for x, (IA.34p . (IA.36p . and (IA.37p . can now be 
written as 

1 1 n 

;^^'xtiy) + 2 - Y^^ixUy) = o, 



(n + 2)(n + l) 



Tn?[n — 1) 
Now expand Xn^° in V"! 



2(n + l) . / X {n + 2){n + l) , 



n(n — 1) 



Xt" = X:i^ + ^iX 



(n-l) 



n,±/0 
odd 



(A.40) 
(A.41) 
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We can now solve Xeven in terms of Xodd- 



(v) 

A,even \i) I 



'X.even 



16 



n 



n + 2 



n 



n 



_{n + 2){n + l) 



+ 1) ^^-^^ ■ n + 2 

(A.42) 

At this point, it is convenient to use part of the gauge symmetry to gauge away Xodd 
completely (we will show this in the later part of this subsection) , and then write 



1 fi 



(y) 
(y) 



n + 2 
16 



n 



n{n + 2) 



n + 2){n + 

^'x:dd{y)- 



-^^-x:dd{y)-{n + 2)v^x:d-d{y) 



(A.43) 



Plugging back in flA.401) (with x^odd = 0), we obtain (the second equation is automati- 
cally satisfied because of the second equation of (lA.lip ) 
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(v°)\:^(i/) + 



n(n + 2)2 



r^-^^S;^v+v-x:i:(y) - ^iy'-fxl.-Ay) - Y^xlk^M = o, 



n + 2){n + l)n 
in + 2)in + l) 



i'^-rx:^diy) + 



8(n + 2] 



v-v+x:.^(y) 



32(n + 1) 
n2(n + 2) 



i^^'Wod^iy) 



+ 



XoM = 0- 



By using (lA.lip . we rewrite f lA.44p as 



(A.44) 



OAdsX:d:iy) + ^^^-^^X:^(l/) + (;^V+V-x:^(y) - 16n(V+)\-^(i/) = 0, 

OAdsx:ddiy) - ^-^^^f^x:ddiy) - ^v+v-x."^,(y) + (;7^ij^(v-)^x:^(i/) = 0. 

(A.45) 

Now let us examine the gauge transformations on x^- The gauge transformation 
on the components of Q^^'"- is 



6Q 



hs,n 



n 



(A.46) 
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In terms of x ? 'we have 

"Aai...a„+2 ^ (oia2^V3---a„+2)' 
r n V7 7 \ ^ I ^ / \ ^ 

(^Xai-a^ = —^^{ci K2-a„h + -^VlK^-a„, (A.47) 

Expanding A" as A" = A^^,„ + ^/-lA^^^, we can use A^^^^ to set Xodd = 0, and Xo^;^, Xokd 
transform under gauge transformation generated by the residual gauge parameter A^^^ 
as 

^Xoddiy) = -V+Aodd(y), 

It is very useful to rewrite the equations of motion in the metric-like formulation. 
In the metric like formulation, we have the metric like field which is totally 

symmetric and satisfies the double traceless condition: 

= 0. (A.49) 

satisfies the Fronsdal equation f l3.20p . and transforms under the gauge trans- 
formation as fl3.2ip . 

We show that the Fronsdal equation (I3.20p and the frame-like equation (]A.44p are 
equivalent. Let us decompose ^^^...^^ into the irreducible representation of the Lorentz 
group as in f l3.18p . Plugging this in to fl3.20p . we obtain 

+ (2s - 3)V(^V^X/^) -{s- 2)(7(/^V^V'^Xmm^) (A.50) 
- 2(2s - l)g{f^Xt^^^) = 0. 
Contracting this with gi^^i^'^ ^ we get 

{2s -!)(□- m')x,,...,^ - s{s - 1)^^^"^,.,,...,, + (2s - 3)nx^3...,, 
+ (2s - 3)(s - 2)V'^V(^Xm/^) - 2(s - 2)V(^3V^Xmm4-m.) (A.51) 
-{s-2)is- 3)(7(^V^V'^Xm.^) - 2(2s - i fx,,...,^ = 0. 
By using the formula 

V^V(M3X/./.4-A».) = V(M3V^X/./.4-M.) - (s - 1)Xm3-m.' (A-52) 
we can simplify (lA.Sip as 



{2s -!)(□- m2)x^3...^, - s{s - l)V^V'^eM.^3...^, + {d + 2s- 5)Dx^,..., 
+ (2s - 5)(s - 2)V(^3V^Xmm4-m.) - (2s - 3)(s - 2)(s - l)Xf.,-,. (A.53) 
- 2(2s - iyx,s-,s -{s-2){s- 3)^/(^3^, V^V^Xm./.5-m.) = 0- 
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Defining 

C (y) — y ^ ■ ■ ■ 2/ ^"{^0 )aia2 ' ' ' (^0 )a23-la2sC^J,l—^J,3^ 

X (y) ~ y ' ' 'y (^o )aia2 ■ ■ ■ (^O ')cl2s-5Cl2s-^X^ll■■■^ls-21 

we can write flA.SOp and f lA.53p as 

□Ad5r - s{s - 3)r + ^^V+V-f + {2s - 3)(V+)\^ = 0, 

4 64 

(A.55) 

We can then identify (IA.45P and (IA.55P by 

2s-2,+ (-s 2s-2- 2s — 3 

Xodd = . Xodd = ~ 32(g - 1) ^ ■ 

Later, we will also write xldd"^'^ as xidJ^ fo^' convenience. 

Let us also analyze the gauge transformation. Plugging f l3.18p into f l3.2ip . we have 

(^^Mi-/^. + ^(mM2'^X M3-M. ) = V(;.ir/^2...;,,). (A.57) 
Contracting this with gt^^t^^^ we obtain 

5Xm3-/.. = ^^V%^3...^,. (A.58) 

It follows that 

6e{y) = VV(2/), 

16 (A.59) 
'^''^'"^ = - (2.-l)(2.-3) ^'"'<^'- 



The gauge transformations (]A.48P and (1A.59P are also equivalent by the identification 
(1A36D . 

A. 3 Derivation of higher spin boundary-to-bulk propagator in 
modified de Donder gauge 

The Fronsdal equation fl3.20p can be easily solved in the modified de Donder gauge 
proposed by Metsaev in [33j. As in (13. 9p . we define the generating function of 
the metric-like higher spin gauge field The field is related to 

and x^'^"^''*' by 



xlr,"'^iy) = Ciy) = ^'iY)\ 



2s-2,-.,,_ 2s -3 _ 2s -3 (A.60) 



Xodd ' (y) = -^ttt: — T^x'iy) 



32{s-l)'^^^^ 64(2s- l)(s - 1) lY^^e-^^^y^y^' 
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Using the variable Y^, we can rewrite the Fronsdal equation fl3.20p . the gauge trans- 
formation fl3.2ip . and the double traceless condition flA.49|) as 



DAds-s{s-3)-Y^D^^D^ 



+ 1Y^D^Y^D^ - F^r^— — — — ) <^'(x\Y) = 0, 

2 OY^dY^ OY^dY^J ^ ' ^ ' (a.61) 

S<^'{x\Y) = Y^D^7]'{x\Y), 
$^(a;|r) = 0, 



dY 



where is the covariant derivative acting both on explicit frame indices as well as 
on indices contracted with Y^; in particular DAds = D^D^- As proposed by Metsaev 
j , one then perform a linear transformation: 



(j){x\Y) = z'^MU^'^^'{x\Y), (A.62) 

and the inverse of it is 

= zm'^^Ar(f){x\Y), (A.63) 
where the various operators are defined as 



2 / ' 

^ n(y, o, at^, ^, o, 2), ^ n(F, F^ Ny, 3) 



(A.64) 



Ar^ = r-^, ^^ = ^^^' AT^^AT^ + AT,. 

The modified de Bonder gauge condition written in terms of the field is: 

C(t){x\Y) = 0, (A.65) 
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where 



ei = eii d, 



d ^ 1 ^ ^ (^2 Y q2 

C=^.d--Y- + -e„- eiH', 

dY 2 dY^ 2 dY^ 
1 (9^ 

n' = i ^ 

4(iV^ + l)5y2' 
2s - 3 - 2iV, 

e,= [d. je,„ 

d 

ei,i = yV, ei,i = 



(A.66) 



-2s - 2 - 2A/', 

In this gauge, the equations of motion is simphfied as 

(□ + 5N^(r-^)(r-^))0. = O, (A.67) 

where (t)r{x\Y) are the components of expanded in as in (]3.27p . and the 

general solution of this equation is 

Up, z\Y) = C[{p, Y)^zJr-Mp\) + Clip, Y)^zYr^MP\), (A.68) 
where we Fourier transformed 0^(3^1^) as 

(t),{x\Y) = [ (t)Mz\Y) e^-\ (A.69) 



Notice that p is imaginary momentum. We can Wick rotate back to the real momentum 
by p — > if). For the purpose of computing the boundary-to-bulk propagator, we can 
simply replace Jr_i(-2|p|) and by i'"^^^ Kr-i{x). 

Next, let us solve for the functions C{{p, Y) and C^ij), Y) using the double traceless 
condition and the gauge condition. Let us first look at the reduced double traceless 
condition. It is convenient to define 

y+ = + iY^ and Y- =Y^ - iY^. (A.70) 

The double traceless condition (13.241) can be written as 

The general solution of it is 

c^{p, Y) = c\^my^r + cL^m-^y^r' + c^.m+iY-y-^ + dum-y. 

(A.72) 
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for r > 2. For the r = 1, 2, we have 



C\p, Y) = clY+ + clY- and C\Y) = + cl_Y+Y- + c^__{Y-f. 

(A.73) 

Next, let us consider the gauge condition ( ]A.65p . 



C(t){x\Y) 
d 



d 



— — ■ p Y ■ p — — . _ 

dY 2 "^dY^ 2 



1 

-ei- 



r=0 

2s + d - 4 - iV^ \ 1/2 



1 ^ 92 1 

2 ^5y2 2 \2s + d-4-2N, 



''0r(p,2;|F) 
2s + rf-5-2A^A 52 



^ 23 + rf-5-2Ar, \^ ^ 2s + rf-4- AT, y/2 g 



22 



2s + d - 4 - 2A^. 



dY' 



r=0 



dY 



2z J dY^ 

s 

2r + d-5\ 



r=0 



-e{d 2r + rf-3 >^ p + r + rf-3 y/2 g-r .^, 



r=0 



2z 
d_ 
dY 



P 



2r + d-2 
dY^ 2' 



Y 



2r + d-A 



2z 



dY^ 



1,7 1 /s + r-2\i/2/^ 2r-3\ 9^ 



2z 



2r 



2r-2 

(f)r{p,z\Y). 



2z J dY^ 



The gauge condition can be written as 



p d ^P d"^ ^ 



1 / s + r \ i/2 / 2r + l\ d"^ 
r+i + - ( ) \d,+ 



P dY 2p dY'^j'^'^' ' 2V2r + 2 

2r — 1\ /s + r — 1\ 1/2, , 



22; y 



'Jr+2 



(A. 74) 



(A.75) 



da 



with p =\p\. Plugging flA.GSP into flA.75p . we obtain 



p d ip ^ aM ^,^1 ^ I p + r y/2 g2 ^^^^ 



p ay 2p 5y2y 

s + r - l\i/2 



2r 



j {s-r)n-Y 



2 V2r + 2 
1 
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4(r - 1) 5^2 



(A.76) 



C = 0, 



or more explicitly. 

's + r - l\i/2 



+ - i^Y- + ^F+)a+a_ 

p p p p 



V2r + 2/ + 



+ e 



2r 



) (s-r) 



s-r)\l-Y 



r — 1 



-d.d- C 



(A. 77) 
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with d± = (9y± . Plugging flA.72p and f lA.73P into the above equation, we obtain 



p-1 



s + r- 2\i/2 



r-c;>1+.^2(r-l) 
and 



p- 



j is-r + l)c;t(p) + (2 - r)^cL4p) + 



s + r - l\i/2 
2r~ 



rd'\ {p) 



(A.78) 



for r > 2, and in the cases r = 1, 2, 

2^4+ (P) + - + 2(^)'V4|;) = 0, 

-c\ip) + ^c^p) + 2(^)'^^_(P) = 0. 
p p \2/ 

We can consistently set c!j__ = = c1_j_ for r > 2, and obtain 



■s + r- l\i/2 



2r 



(r)c;+_^(p) 



r-c;>-)+.^2(r-l) 



s + r - 2\i/2 



and 



r—di_{p) + ei 
V V 



for r > 2, and 



s + r -2\i/2 
2(r - 1) 



2^cl4p)+e[^y\s-l)cl{p) = 0, 
clip) + ^c\{p} + 2[^y"cl_{p} = 0, 



p ' " ' p 

for r = 1,2. The solution to the above recursive equations is given by 



si 



/ 2--r(,_i)!(, + ^_2)! ^p+ ^ 

-++ (s_r)\r\\l (r- l)!(2s-2)! ^ p^ ++' 



{s-r)\r\ \] (r - l)!(2s - 2)! p 



and 



cUp) 



'2^-2s!(s-l)! 
(2s -2)! 



p 



'2 ^-^s\{s-iy ^p~ 

(2s -2)! ^ p' ~ 



(A.79) 



(A.80) 



s - r + lyrHp) + (2 - r)^cLJp) = 0, (A.81) 



s - r + l)cr_^(p) + (2 - r)^clJp) = 0, (A.82) 



(A.83) 



(A.84) 



(A.85) 
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Starting from here and in what follows, we set e = —1 and only consider the positively 
polarized fields by setting ci_ = 0. Plugging flA.84|) and flA.851) back to flA.721) and 



flA.73p . then back to flA.68p . and Wick rotating to the real momenta, we obtain 



(A.86) 

Using the transformation (]A.63p . we arrive at the expression for the boundary to bulk 
propagator in momentum space, in the modified de Bonder gauge, 

= zm^'^Af(j){p,z\Y,Y') 

' °° (-i rz^-T(g-n-l) s\ fp+^'-' 

, „ 4"n!r(s-i) is-r-2n)\r\\p 

r=l n=0 ^ ^ / \ 1 

(A.87) 

In terms of the frame-like fields, using flA.60p . we have 



yy ^ ' , ; ^--^ ^ Y^-{Yy-^-'-{Y+yci,zK,.^^{pz) 



r=0 

s 



(A.88) 



B Second order in perturbation theory 
B.l A star-product relation 

Let us write the following useful formula for the star-product: 



oo / n oo 



n=0 \m=0 p=0 f K J J 

(B.l) 
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where A{y) and B{y) have the expansions: 

oo oo 

A(|/) = ^A,,...,„l/"i---|/"", and S(y) = 5^5„,...,„2/"i-- (B.2) 

n=0 n=0 

(IB .11) follows from writing the (m-th) * (n-th) term as 

n\m\ , „, , , ^. « B 



p<m,n ^ J / \ J / J 



B.2 Derivation of t/^ and 

The purpose of this subsection is to compute the RHS of fl4.6p . 
By using the star-product relation fIB.ip . we obtain 



(B.3) 



mat! * 
oo / n oo 



n=0 ^ 

(r\odd ^(1) 1 
|S6 i^matU 



p\m\[n — m) 

n=0 \m=0 p=0 ^ \ I 



oo / n oo 



(„+ri!(„-,„ + p). ^ ^ ^ ^^ „ ^ 1 

71=0 \m=o p=o -v 



(B.4) 

The f/° and U^^^^^^ are coefficients of the components in -[r]'^''^", C^^^ij, 
which are independent and quadratic in y. They can be written as 

oo 
p=0 

and 



oo 



fi\ai---ap{a mat /3) 

p=0 

oo 



p=0 p=0 

(B.6) 
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We first compute V^U/ 

oo 

p=0 

oo 

— _ Q27/;i ^nTl + ( — Y) ( V/al^-yP'+'Odd Ml) ai---ap , y p-,odd^(l) ar--ay 

— -J^V^l ^^P-l-L + I J J I V Aa/3ai...ap'-'mat + V ajo-j Xaa-ap '-'mat 

p=0 



"T ^'«/3|«i---ap ^ "-"mat ) 



oo 



(B.7) 

where we have assumed the gauge condition x^odd ~ 0- Using (lA.SP to express V^C^^f 
in terms of C^^f^^, we have 



Vf/S" =32^, f;(i + (-)') [cWf (S,) (^X|£a(^ + v+x:.-.(y)) 

Next, we compute (eo)"^^^^^!/?: 

/^Ai\a/3rr(2) _ \^ (P + 3)(p + 1)! _ , _^p^ p+lfl,even^(l) avOpP 



(B.8) 



p=0 



p=0 



p=0 



(p + 3)(p + 2)p! 



(1 + Hnx'a^:tcillr"""' 



(p + 3)(l - ^ „+i,o 



(i±(-n^(i),p+ 



p=0 



p=0 



p=0 



(B.9) 

where we have assumed the gauge Xodd ~ 0- Using flA.43P to express Xeteif terms of 
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Xldd'^ and Xodd' ' we have 

oo 



p=0 



p=0 

:i + i-r, 



4(p+l) 



V-xL'"i'^(l/)-4(p + 3)V+xL"r(?/) 



(p + 3)(p + 2) 



p=0 



Adding the two terms f IB.SP and (IB.lOp . we obtain 



4E(1 + 



p=0 



a 



{l),P+2 



mat 



p=2 



1 



(B.IO) 



fB.lll 



B.3 Computation of the three point function 

In this subsection, we compute the three point function of a higher spin current with 
two scalars by exphcitly evaluating the integral (14. lip . 

To begin with, let us turn on boundary sources only for the Ceven component of the 
scalars in (14. lip . It is convenient to decompose Eg as = + S° + H7, with Ef^'^ 
being the homogeneous polynomials in y of degree 2s, 2s — 2, and 2s — 4, respectively. 
The action (14. lip splits into three terms. The terms with have already been of the 
form (14. 9p . For the term with we need to perform an integration by part: 



dx 



2 / dz\ _o X .^(l),0^(l),2s-2 
3 I ^sV-^y )'-'^mat ^mat 



J \^ J (2s - 1)^°'^'^ {^yJ'^'^mat '-'mat 



^ ^;^^(l),2^(l),2s-2 _ A^As),+ ff) N r^(l),0^(l),2s 

^^Xodd \'~'y)(j'^mat '^mat 



+ 4(2s^,, - 2)xl5r(5y)'^0'(5.)^, 



{1),2/ 



v(l),2s-2 



+ 2(2s - 2)^(2s - l)xfad~{dy)8C'm'a^Ci:,'^ 

(B.12) 

where we have used (lA.SP to express V^C^^f in terms of C^lf^^- The variation of 



.(l),0^(l),2s-4 



mat 
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the action 5S is then given by 



6S 



d X 



dz 



xil^idy) ( (8 - 4s)6C^!^C:^!^r - 4 



(l),0^{l),2s 



{l),2^{l),2s-2 



(2s ^mat 



- / rf'x ( 



) 

-4V-A(9,) 



1 



v+A(9,) ( (8 - 4s)5cir - 4.:— a^^^'^^-^ 



.(l),0^(l),2s 



(2s - 1) 



(2. - 1) 



(l),2s-2 



,(l),0^(l),2s-4 



hm I d X- 

2-S.O 



X{dy)dyidy2 | (2 5)5(7^1^ C'^^i ^ ^^^C*mai; 



y(l),2^(l),2s-2 



4 hm / d'^x 



r=l 



.(l),0^(l),2s 



(l),2^(l),2s-2 



((9y2) ( dyi) I (2 s)6Cj^^f- C^^f ^2_g _ 



_(2s-r-l)(r-l)(9,2) 

(5^1 + 5^2 + SS3 + 5^4, 



_J_^M^)'2(f) ^r^(l).2^-2 , /„ .^ .^{l),0^(l),2s-4 



(B.13) 

where we substituted the boundary to bulk propagator for x),dd XoM "pure 
gauge" form, and we also performed the similar step as illustrated in fl4.10p . and we 
used ( 1A.8P again to express V^C^^f in terms of C^^f^^. For the convenience of the 
later computation, we have spht 5S into four terms 5S = 6Si + 6S2 + SS3 + 6Si. We wih 
compute these four terms one by one in the following. The next step is to substitute 
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the boundary-to-bulk propagator for the master field c£^^. We first expand C^^^ as 



s=0 

oo 



V'l 
2 



s=0 

oo 



z 

s u u—w 



X 



s=0 



S\ 



u=Q w=0 v=Q 



(s — u)\{u — w — v)\w\v\ 



In particular, the piece of homogeneous degree 2s is given by 



(B.14) 



C'mot {y) 



S\ 



s u u—w 



is — u)\{u — w — v)\w\v\ 

u=0 w=0 v=0 ^ ' ^ ' 



(B.15) 



where K 



is the scalar boundary-to-bulk propagator. Near the boundary, 



^1+ 2 has the following expansion 



+ 



(B.16) 

where we keep only the leading analytic term and the first s contact terms. The 
subleading terms will not contribute to the three point function. 
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Let us first compute SSi. 
6Si 



2^-1 ' (2-s)r!(2s-r)!(-l)-"+" 



(s — 'u)!(r — ■u)!(2-u — r — 

1"''02J 1"''02J / _x„-"-01 -"-02 



(X. 



03) 



" (2-s)r!(2s-r)!(-l)-"+^ 



(s — u)\(r — u)\(2u — r — f )!f ! 

. r(|)r(i + f) Ks)' 

^""^-^^ r(l + . + f ) ^""^^(g-n)!d(r-. + n)!^"-^ ^^o l^fe^.^.^. 

(B.IJ) 

where we have substituted the boundary-to-bulk propagator for 5C^|f (xqi) and C^^f '^(a;o2||/), 
and the Kij stands for , and we have substituted the expansion (IB.16P for Kij. 

Integrating out the delta functions gives 

" ~ (2s -r)! 1 



27r^i ^ 



r=l 

^ r!(2s-r)!r(s-g + f)g!(-ir- 



^ ^ (s - n)!(r - n)\[u - r - g + + g - s)!r(l + ^ + f )(s - r)! Vfe) 

(B.18) 

Similarly, let us compute and bS-^ as follows. Substituting the boundary-to-bulk 



X. 
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propagator for the master field c£^^, we have 



2s-l 



-4hm / d'xo ^ ^ [ (i + {s- i)(i + ^i) ) (2 + a)k;; ^ K,, 

s-l 2u-r+l 

E E — II — 



+s 



r\{2s - r)\{-iy 



u=0 v=0 



X z 



z 



s-l 2«-r+2 

+E E 



{s-u-l)\{2u-r + l- v)\{r -u - l)\v\ 

_ - \r-u+v-l( + \s-u+v-l 

r\{2s - r)\{-iy 



z 



^ ^ (s-'u-l)!(2ii-r + 2-'t;)!(r-'u-2)b! 



Xqi)z 



2u—2v—s 



-1 2?i-r 



+ EE — II — 



r!(2s-r)!(-l)^ 



u=0 t;=0 



{s — u — l)\{2u — r — v)\{r — u)\v\ 



-X, 



^02) 

1 — u+v ( ^+ \s—u+v—l 



r—u+v—2(+ \s—u+v—l 



^02)* 



02) 



(^02) 



(B.19) 



and 



2s-l 



^r-s-2 



:(2s-r - l)(r - 1) 



(55'3 = -4 hm / d^xo , . , , 

- 1) (X03) 

x(a,o'^-^-'(-9.0'-''5c^£if(^oi|5.)t^i'if-'K2|?/) 

= -4 lim y d'xo (2,-1) (^-3). - r - l)(r - 1)^,^ (^1 + (5 - 1)(1 + ^1) ) (2 + ^0 

(r- l)!(2s-r- 



X 2 7^ 2 



X z 



s-l 2u-r+2 

+E E 



s-l 2u-r+l 

- \r-u+i;-l/ + \ 
•*'02j 1-^02^ 

(r-2)!(2s-r)!(-l)'-i 



^01^01 \ ^2u-2i;-s-l,' ^- \r-u+i;-l/ + \s-u+t)-l 



r— u+v— 2/'„+ \s— w+i;— 1 



^ ^ (s-ii- l)!(2ii-r + 2-'t;)!(r-'u-2)!i;! 

r\(2s-r-2)\ ^ , , , o„_2.-s-2 



N 2u-2v-s(_ - \r-u+i;-2/ + \ 



s-l 2u— r 



^ ^ ^ (s - - l)!(2ii - r - T;)!(r - ti)b! ^ ^ ^ 



-X, 



02 J 



r— U+D/^+ \s— U— 1+D 



02) 



(B.20) 
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These two terms can be combined as 
5S2 + SS3 

d'x, J2 ri (l + {s- 1)(1 + V'l)) (2 + i^i)Klt^K^^'--- 
(r - l)!(2s - r - 1)!(-1)'^ 



s-\ 2it-'r+l 

E E 



u=0 ^•=0 



(s — -u — 1)!(2m — r + 1 — f )!(r — u — l)\v\ 



X I z — 



s-1 2u-r-+2 

+E E ■ 

u=0 v=0 

s—1 2«— r 

+ EE7 



(r- l)!(2s-r)!(-l)' 



{s-u- l)\{2u - r + 2 - w)!(r - -u - 2)\v\ 



r!(2s-r-l)!(-l)' 



u=0 i)=0 



s — u — l)\(2u — r — v)\{r — u)\v\ 



2u-2v-s-2 



T — U+V( + \S — U+V—1 



( ^2) (^2) 



= C/i + C/2 + C/3, 



(B.21) 

where we have spht 882 + 53^ into three terms Ui,U2,U3. These are computed as 
follows. 

2s-l 



U^^-A I d'^xo J2 ^1 (1 + - 1)(1 + V^i)) (2 + i^i) 



s-1 



2 + V 



xE 



(r-l)!(2s-r-l)! 



41+' fe)^-^ i^osY (s-u-l)\{u-r + l)\(r-u- l)\u\ 



+ 



1 



(r-l)!(2s-r-l)! 



2V'i + 1 (2^02)^-' K"3)'' {s-u-l)\(u-r + l)\(r-u- l)\u\ 



s-1 



+E 



(r - l)!(2s - r - l)!r(s - 1 - g + 
(s - M - 1)!(m - r - g + s)!(r -u- l)!(g + - s + l)!r(s + ^)(s - r)! 



X 7r52(xo2)a^I" 



1 1 



2s-l 



r=l 
s-1 s-1 

+EE 



lOV^i-S (2s-r-l)! 

■TT- 



1 



3 {s-ry. xtt\x^2y-r{x^,y 

(r - l)!(2s - r - l)!r(s - 1 - g + 



t^t^ (s-ii-l)!(ii-r-g + s)!(r-ii-l)!(g + ii-s + l)!r(s + f)(s-r)! 
1 



X2 \ 2+tp 



^21 \^23) 



(B.22) 
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2s-l 



f/2 = -41im [ rf^a;^ + (2 + ^,)^ 

(r - l)!(2s -r)! 



s-l 2u-r+2 

E E 

u=0 v=0 



X 



vr 



(s - M - 1)!(2m - r + 2 - v)\{r -u- 2)\v\ 



(-'-)( ^oi)( ^02) (-^02) 



r— «+t)— 2/ + \s— 1 



g=0 



g!r(2 + f: 



tpi+2s 
02 



and 



2s-l 



f/3 = -4 ^ (1 + (5 - 1)(1 + i'l)) (2 + V^i 



r=l 

s-l s-l 



(B.23) 



47r (2s-r-l)! 



d. 



r(s - 1 - g + ^)r!(2s - r - l)!g!7r(-l)i+^+« 



^ r(s + - M - l)!(n - r - g + s - l)!(r - + 1 + m - s)\{s - r - 1)! 



X(9' 



iS— r- 1 



^21 ^ (^2l)(^23)'^ , 



(B.24) 

where we have substituted the expansion (IB.16P and taken the 2; — )■ hmit. Finally, 
let us compute 55*4: 



/2s-l 
^ — ^ 
r=l 



-r-l)(r-l)— ^(. + 1) 



2s-l 



-41to / A„ (iH- (, - 2)(1 + 

(s-2)!(r- l)!(2s-r- 1)! 



s-2 2M-r+2 
u=0 ?;=0 



„2?i— 2ii— s / 



r—u+v—2(+ \s—u+v—2 



{s-u- 2)\{2u - r + 2 - v)\{r -u- 2)\v\' 



02) 



02) 



(B.25) 

After substituting the boundary to bulk propagators and taking the 2; — )■ limit, we 
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obtain 

2s -1 



SS^ = -4 ^(s + 1)^1 (l + (s - 2)(1 + V'l)) 

^ \ 1 (r-l)(2.-r-l)!(a;r2r^(x+r^ 

[ r(i + f (5-0! fe)' 
^^gg r(s-2-g+f)(r-l)!(2s-r-l)!g! 



^ ^ r(s - 1 + f )(s - - 2)!(ii - r - g + s)!(r -u- 2)!(g + - s + 2)!(s - r)! 



^+^1 (^23)^ 



21 

(B.26) 

The three point function is proportional to SS — SSi + Ui + U3 + SS4. One can 
simphfy the above expressions and compute the full three point function directly, but 
since we are only interested in the overall coefficient whereas the position dependence 
is completely fixed by the conformal symmetry, wc can take the limit in which one of 
the two scalar operators collides with the higher spin current, and extract the overall 
coefficient. 

Let us define the variables yf = xf— xf and yf = xf — xf, and consider the limit 
Hi 1/2- The various pieces of contributions arc given in this limit by 



5S, ^4(2 - s)ri (1 + s{l + 27rVii5! [ , 



y.'-iVi 

~ , lOV^i -8 , ^,,1 1 



Ui^- (1 + - 1)(1 + Vii)) (2 + i^,)-^^<s - 1)!- .^^^ 

1/2 ' 

r(f) 



SS, ^ - 4(. + 1)^; (1 + (. - 2)(i + ^ - fe^^' 

(B.27) 

Summing these four terms, and recovering the full position dependence using the con- 
formal symmetry, we obtain the three point function of one higher spin current and 
two scalar operators: 



1 / ^ ^ * 
i / X12 



F12I \^13^23 

(B.28) 

Note that since we have turned on the sources for Ceven so far, the dual scalar operator 
is O + O. The three point function involving an insertion oi O — O, dual to the bulk 
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field Codd, can be computed analogously by turning on a source for Codd- Note that 
Codd is a purely imaginary field; in other words, if we write Codd = ^V', then is a real 
field with the "right sign" kinetic term. A computation similar to the above gives 

{{O-O) (xO [O + O) {x,)r{xs)) = 87r(. + Ms - 1))(1 - (-)^)r(.)^-^ 

(B.29) 

Adding (E28]) and ( IRM . we obtain 

{0{x,)0{x,)r{x,)) = -Ms + Ms- ims)-^-^ 



s 



C The deformed vacuum solution 



In this section, we discuss the formulation of the three dimensional Vasiliev system 
as originally written in [8], which amounts to an extension of the equations (12 .Sp by 
introducing two additional auxiliary variables k and p, as described below, and the 1- 
parameter family of "deformed" vacuum solutions. The deformed vacuum solution of 
the system (12. 5p can be obtain by a simple projection on the extended system. We will 
also present the boundary to bulk propagator for the B master field, which contains the 
bulk "matter" scalar field, in the deformed vacua, by solving the linearized equations. 

To describe the deformed vacuum, it is useful to introduce two additional auxiliary 
variables k and p. They obey the following (anti-) commutation relations with one 
another and with the twistor variables {y,z): 

k'^ = p^ = l, {k,p} = {k,ya} = {k,z^} = Q, [p, = [p, = 0. (C.l) 

It will be also convenient to define the variable 

ifa = (^a+l/a) f dttc'^y . (C.2) 

Jo 

It is straightforward to show that Wa satisfy the following star commutation relations: 

[Wa.Wp]^ = 0, 

[Wa.Zp]^ + [Za.Wp]^ = -26^^/^, 

{Wa, Z/s}^ *K - {ya.wp}^ = 0. 

Next, let us define 

Za{l^) = Za + UWak, 
ya{v) =ya + * Kk. 



(C.3) 



(C.4) 
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Using the relations f IC.Sp . it is easy to show that 



[Va^yp]^ = 2e«;3(l + uk), 

[pza, pZf3]^ = -2eafi (1 + i^Kk) , (C.5) 

[pza,yp]^ = 0. 

Under the star algebra, generate the (deformed) three dimensional higher spin alge- 
bra hs{X) with A = |(1 + z/fc). Later we will make the projection onto the eigenspace of 
= 1 or A; = —1, in which case A = |(1 + u) or X = i(l — u). The higher spin algebra 
hs{X) is an associative algebra, whose general element can be represented by an even 
analytic star-function in ya- In particular, it has an s/(2)-subalgebra whose generator 
can be written as T^p = y(a * yp) ■ 

The deformed vacuum solution is given by 

5 = Z/, Sa = p{Za-Zo), 

W = Wo = Wo + i^ieo = {wf{x) + iJief{x)) T^p. ^^'^^ 

They satisfy the (fc, p)-extended Vasiliev equations 

d^W + W*W = 

d^S + d-M + {W, S}, = 0, 

d,S + S*S = B*Kkdz\ (C.7) 
d,B + [S,Bl = 0, 
d,B + [W,Bl = 0, 

We can go back to the system f l2.5p by simply multiplying a projector |(1 + A;) on the 
left of every equation. Given any solution of the extended Vasiliev equations, by acting 
on it with the projector we obtain a solution of the equations fl2.5p . It follows that the 
deformed vacuum solution of fl2.5p is 

B = U, Sa = Zai-y) - Za, 

^ = ['^o (x) + ^ier(a;) j yM * yp{-^)- 

Next, we will solve the linearize equation on the deformed vacua, and derive the 
boundary to bulk propagator for B (the scalar and corresponding auxiliary fields). For 
simplicity of the notation, we will work in the extended Vasiliev system. The boundary 



^"Note that the form of these equations differs from the system (I2.5P only in the RHS of the third 
equation. 
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to bulk propagator for fields in the system (12. 5p can be obtained simply by applying 
the projector ^{1 + k). The linearized equations for B are 

D,B^^ = 0. ^^-^^ 

where Dq is defined by Dq = d+ [Wq, ■]. The first equation of flC.9P immediately implies 

B^'^'^{x\y, z^ip) = Bi^\x\y , tjj) , where the subscript * of a function means that it is a 
star-function. 

Decomposing Bi^\x\y,tlj) as Bi^\x\y,ilj) = Ci]}x*{^\y , ipi) + ^2Clnlt*{x\y,ilJi), the 
second equation of flCOp gives 

dCil^ + [wo, Cilll + ^1 [eo, C^^J. = 0, 

As in the case of equations in the undeformed vacuum analyzed in section 3.1 and 
Appendix A.l, the equation for Ciux* is over-constraining, and eliminates all dynamical 
degrees of freedom of Cj^x*- We will simply set ciux* = 0, and only study the equation 
of the "matter" component C^at* the following. Let us expand Cl^it* the form 

oo 
n=0 

To compute the (anti-) commutators in (IC.lOp . let us first consider the star product of 
with * ■ ■ ■ * y""): 

1 " 

= * * ■ ■ ■ * y"") + ^(n - i + l)y^^ [y", y^], * ■ ■ ■ * y^^ 

1 = 1 



1 " 

* * . . . * + - — - J2in - i + 1)(1 + (-)*-VA;)2e"( 



(C.12) 

Contracting the above with eaCai---a„ (here and in what follows, e and C are used to 
denote arbitrary totally symmetric tensors), we obtain 

Car * c^.-aj'^' * ■ ■ ■ * .^^3. 



where 

n 

a(n, z/A;) = 2 — ^ 



n 

^) = 2 E T^TTlT^'' - ^ + + (C.14) 



i=l 
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Applying a similar operation, staring y^°'*y^'> with y^°'^ * ■ ■ and contracting with 
Cai ■■■«„, we get 

- ^-a{n + 1, vk)e^(aCp ^,...^^_, )r * * ■ ■ ■ * T^' ^ 

^ + (C.15) 

+ a(n, -vk)a{n - 1, z/fc)e°^C„/3„i...„„_2y°^ * ■ ■ • * y"""'- 
Now, starring y° with * ■ ■ ■ * from the right side, 

1 " 
n + 1 

4=1 

n 



77, + 1 

1=1 



r,"n-i 



„-;On-2 



(C.16) 



(C.17) 



Contracting this formula with eaCa^...Q,„, we have 
where 

n 

6(n, i^A:) = 2 5^ + (-y-^^k). (C.18) 

i=l ^ ' 

Performing a similar operation with y^"" * y^\ we obtain 

+ 1 (C.19) 



Adding (1C.15I) and (10.19^ . we obtain the anticommutator: 

+ f{n, vk)e\aCpa^^^)T * * ■ ■ ■ * y''-' + gin, uk)e'"^Capa,-a„.2y''' 

(C.20) 

where 

f(n, vk) = a(n + 1, uk) — a(n, —uk) b(n + 1, uk) — b(n, uk), 

' ' n + 1 ^ ' ' ^' + ' (^Q21) 

g[n, uk) = a{n, —vk)a{n — 1, vk) + 6(n, vk)h{n — 1, z/A;). 
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If n is even, /(ra, vk) and g{n, vk) can be further simplified to 

f{2j,vk) = Q, 

... ^. {l + 2j-vk){-l + 2j + vk) (C.22) 
^(2j, uk) = 4j ^-^^ . 

Subtracting flC.lSp from fIC.lQp . we obtain the commutator: 

(C.23) 

The hnearized equation (IC.IOI) for the matter field, therefore, can be written as 

'^IJ'^mat ai---a„ ~ ^'^(.'U^O/i j (aj^ ^mat I3 a2---an ) ~ 1 l^O^t j (ai«2 '-^mat a3---a„ ) ^^-j 

After contracting with {eQ)a/3, this equation is written as 

V^(l),n 1 , ^(l),n-2 .1 / . r) j,\ ; ^(l),"-+2 p, 

(C.25) 

We follow the same procedure used in analyzing the undeformed vacuum, decompos- 
ing the above equation according to the action of permutation group on the indices. 
Contracting flC.251) with e"°^ gives 

"^"isCmat aa2-an 16n ^^^''^(^^™"* a3-an ) = 0- (C.26) 

Further contracting flC.26p with e^°'^ gives 

Y7a/3^(l)," I n + 1 ^{l),n-2 _ „ ^-x 

lo(r2 — 1) 

As in the analysis of undeformed vacuum, now contracting the indices of the equations 
(10251) . (1026]) . and (10271) with the ?/"'s, we obtain 

V+Cit"(y) - ^^g{n + 2, i^k)^,ct^^^\y) = 0, 

V°C«r(l/) = 0, (028) 

where 

Iterating the first equation of ( 1028^ . we obtain 

Ci^^at'iy) = (fl ^(2^) (32^,V+)^C«f . (O30) 
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Since C^lf{y) is restricted to be even in y", it is entirely determined by the bottom 
component c£^f via the above relation. After some simple manipulations of ( 1C.28I) 
using (1A.11|) . we derive the second order form linearized equation 

OA.sCi^h'' = (4n + 8 + "^gin, uk)^ C^lif . (C.31) 

For n = 0, the equation is just the usual Klein-Gordon equation on AdS^, and can be 
rewritten in a more familiar form: 

(V^S, - m^) cSlf = 0, m' = ~{3-uk)il + uk). (C.32) 

Depending on the choice of AdS boundary condition, this scalar field is dual to an 
operator of dimension 

A± = 1 ± = or (C.33) 

2 2 2 

It is convenient to package the choice of boundary condition into a variable tpi, obeying 
ipf = 1, so that the scaling dimension of the dual operator can be written as 

A = l + V^if^V (C.34) 



2 

The boundary to bulk propagator for the scalar field is a solution of (lC.32p . which up 
to normalization is given by 

C;^l' = K^, where K = (C.35) 

Here {x, z) are Poincare coordinates of the AdS-j, (not to be confused with the twistor 
variable Zo). Using flA.Mp and flC.30p . we obtain 



Cmatiy) — CU^f {y) 



s=0 
oo 



s=0 

CO 



A 

(C.36) 

j^o Vi=i + 2J - ^k){-l + 2j + uk) J 
/3 — z/A;\l ^ 



In the actual master field, the above expression should be understood as a star-function, 
with y replaced by y. More concretely, we can transform the ordinary function cl^lf-{y) 
to the star-function clnit*{y) the formula 

c!nlM = ^ J d^yd^ud^lMe'^-'exp^i-zuy). (C.37) 
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